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Statistical properties of passive tracers in a positive four-point vortex model
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Stochastic properties of systems formed by many passive particles conducted by four point vortices, each
one with positive circulation, are investigated. A statisticalx2 test is developed in order to study the spatial
distribution of particles in the chaotic background (lL.0). The fact that the uniform distribution is an
invariant measure of the spatial distribution of particles is used to debug thex2 test. This procedure is applied
in the same conditions as described in Babianoet al. in order to study the uniformity of passive particles. It is
observed that uniformity is not attained up to times of order 105 natural time unity, when either a Gaussian or
a uniform initial distribution is considered in a small region away from the vortices.

PACS number~s!: 47.11.1j, 02.70.Lq, 47.27.Qb
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I. INTRODUCTION

The advection of a passive tracer in a hydrodynam
flow is an important issue in oceanography and atmosph
physics@1–4#. The Eulerian and Lagrangian approaches
hydrodynamic problems are strictly connected by the o
nary differential equation@5#:

ẋ5v~x,t !, ~1!

supplemented by a given initial conditionx(0). Here,v(x,t)
is the Eulerian velocity field andx is the position of a fluid
particle ~Lagrangian point of view!. The dynamics of the
Eulerian velocity field, governed by the Navier-Stokes
Euler equations, usually is reduced, after a Galerkin trun
tion, to a system of coupled nonlinear differential equatio

v̇̂5F~ v̂,t !, ~2!

which represents the time evolution of the Fourier com
nents list v̂5$v̂k%k<Kmax

of the velocity field v(x,t)

5(kPZ3v̂ke
ik•x. The Lyapunov exponents associated w

Eqs. ~1! and ~2! are, respectively, known as the Lagrangi
and Eulerian Lyapunov exponents. Denote them bylL and
lE . The cases corresponding tolL.0 (lE.0) are known
as Lagrangian~Eulerian! chaoticity. These two kinds o
chaoticity are disconnected and they are studied in@1#. ~See
also @4#.!

Our goal is to investigate the distribution of passive tra
ers advected by the point vortices of the two-dimensio
Euler equation in the regionlL.0 @1#.

This Brief Report is organized as follows. In Sec. II w
describe the mathematical setup. In Sec. III we report
results of numerical experiments performed on syste
formed by many passive particles conducted byN54 point
vortices, each one with positive circulation. An Appendix
added at the end, which includes the main idea of the sta
tical method that has been used.
PRE 621063-651X/2000/62~1!/1424~3!/$15.00
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II. MATHEMATICAL FRAMEWORK

The two-dimensional Euler equation reads

] tv1J~v,¹22v!50, ~3!

wherev5v(t;x,y) denotes the vorticity field,J is the two-
dimensional Jacobian, and¹22 stands for the inverse of th
two-dimensional Laplacian. It is known that Eq.~3! pos-
sesses singular solutions of the form@6#

v~ t;x,y!5 (
a51

N

kad@x2xa~ t !#d@y2ya~ t !#. ~4!

Here,d(d) denotes the Diracd function,„xa(t),ya(t)… rep-
resents a point vortex in the unbounded plan with circulat
ka , and N is the total number of point vortices, and the
time evolution has the following Hamiltonian structure:

kaẋa5
]H

]ya
,

kaẏa52
]H

]xa
, ~5!

where the HamiltonianH is given by

H[H~x1 , . . . ,xN ;y1 , . . . ,yN!

52
1

8p (
aÞb
a,b51

N

kakb ln@~xa2xb!21~ya2yb!2#. ~6!

Introducing thecomplexpoint vortex (i 5A21):

za~ t !5xa~ t !1 iya~ t !, ~7!

after some straightforward calculation, one can show that
~5! is equivalent to thecomplexequations:
1424 ©2000 The American Physical Society
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ża* 5
1

2p i (
bÞa
b51

N
kb

za2zb
, a51,2, . . . ,N, ~8!

where the symbol * denotes complex conjugation.
By definition, a passive tracer is a point vortex with ze

circulation. Ergo, the equation for a passively advected tra
z(t)5x(t)1 iy(t), initially located atz(0), anddriven by the
vortices defined by Eq.~8! is

ż* 5
1

2p i (
b51

N
kb

z2zb
. ~9!

III. SIMULATION RUNS AND RESULTS

This paper reports the results of numerical experime
performed on systems formed by many passive particles
ducted by four-point vortices, each one with positive circ
lation. Equations~8! and ~9! have been integrated by
fourth-order Runge-Kutta method with time stepDt55
31023 n.t.u. ~natural time unity!. In order to perform this
study, three different simulations were run, each one usin
set of 104 particles advected by a four-point vortex original
situated at points (5,0),(0,5),(25,0),(1,24). All these vor-
tices have circulation equal to 10.

In the first two experiments, particles were genera
away from the vortices, using either Gaussian or a unifo
distribution in a small square of the form

@cx2e;cx1e#3@cy2e;cy1e#, ~10!

with (cx ,cy)5(8,8) ande51/5. In the third experiment, par
ticles were generated uniformly in the circular spot obser
as described by Babianoet al. @1#. It is well known from the
literature that a uniform distribution is an invariant measu
of this dynamics. This fact is used to test the procedure
scribed in this paper.

As it is expected, in all experiments one observes that
particles spread in acircular spot surrounding the four regu
lar islands (lL50). Our purpose is to find out whether the
particles could be considered uniformly distributed or not
the chaotic background defined bylL.0.

A statisticalx2 test has been applied to this spot exclu
ing the regular islandslL50. In order to perform this test,
set of small circles with radius 0.5~in length natural units!
was generated randomly inside the spot. The statistical te
based on the difference between a theoretically uniform
tribution in the small circles and the simulated distributi
~the situation observed!, by means of the computation of
distanced and the probability that this distance takes lar
values~see the Appendix!. The results given by this test a
different times betweent523103 and t5105 n.t.u., with
time step equal to 23103, in terms of the probability of
overcrossing the observed distance, are plotted in Fig. 1
linear-logarithmic scale.

The results of thex2 test are the following: in the first two
experiments, the uniformity of the distributions of the pa
ticles, in the condition mentioned above, was not achie
up to t5105 n.t.u., as illustrated in Fig. 1~uniform distribu-
tion, long dashed line; Gaussian distribution, dotted line! @7#.
The third experiment is plotted in dashed line, which tells
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that there are no reasons to reject the hypothesis that
uniform distribution of the particles is not changed wi
time.

In conclusion, we have performed computational simu
tions on systems formed by 104 passive particles advected b
the action of four vortices. Our goal was to get indicatio
about the statistical distribution that a naive visual inspect
of the figures plotted in Babianoet al. @1# suggests to be
uniform. We conclude that, if uniformity is to be achieved,
will take a very long time.
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APPENDIX: THE x2 TEST

This is a well-known test from the statisticians—see@8#,
for instance, for the one-dimensional version. A tw
dimensional version of the test will be the content of th
appendix, since the problem under study corresponds
particular situation that, as far as we know, has not b
considered in the literature and is not well covered by me
ods like those described in@9#. However, the idea of thex2

goodness of fit test that we present here is the same.
The region of the plane where the particles evolve, let

denote it byR, is considered in the test. Given the possib
complexity of the configuration of this region we consider
that the islands created by the vortices were approxima
circular shaped. Then, under the assumption that the di
bution of particles is uniform, considering a total ofN par-
ticles in R, if m circles are generated in this region~with
random centers! the number of particles that fall inside eac
circle should be proportional to the area of the circle int
cepted with the regionR. Thus, a sample of circles can b
generated and its interceptions with the regionR, denoted by
Ci , i 51,2, . . . ,m, are considered in the test. Ifni is the

FIG. 1. Probability of overcrossing the observed distance
cording to thex2 distribution. Uniform initial distribution in a small
square: long dashed line. Gaussian initial distribution around
point ~8,8!: dotted line. The dashed line validates thex2 test.
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number of particles in the small subregionCi , nm11 is the
number of particles that fall outside all subregionsCi , pi
5area(Ci)/area(R), for i 51,2, . . . ,m and pm1151
2( i 51

m pi , then we consider

d5 (
i 51

m11
~ni2Npi !

2

Npi

the square distance between the families (ni) i and (Npi) i
with i 51,2, . . . ,m11. If the uniformity of the distribution
in the regionR is true, thend should be approximately a
realization of ax2 distributed random variable withm de-
grees of freedom, if one assumes that the center and radi
R as well as the islands are known. This argument ena
the construction of a hypothesis test ofx2 type. The assump
tion of uniformity for the distribution of the particles in th
fixed regionR will be rejected, if the distance obtained in th
simulation is greater than the critical value, that is, the pr
ability of overcrossing the observed distance is, in that ca
very small. Otherwise, we will accept the uniformity hypot
esis.

In the work presented in this Brief Report, a slightly d
ferent version of this test has been adopted, in order to
duce complexity of the computations. The modification is
follows. If ni is the number of particles in the small subr
gion Ci , and N is the total number of particles capture
inside all subregionsCi , and pi5area (Ci)/area (R), for i
51,2, . . . ,m, then it would be reasonable to assume that
square distance between the families (ni) i and (Npi) i where
i 51,2, . . . ,m,
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d5(
i 51

m
~ni2Npi !

2

Npi
,

should be approximately a realization of ax2 distributed
random variable withm21 degrees of freedom, if one as
sumes that the center and radius ofR as well as the islands
are known. According to this argument, the assumption
uniformity for the distribution of the particles in the fixe
regionR will be rejected if the distance obtained in the sim
lation is greater than the critical value. Otherwise, we w
accept the uniformity hypothesis.

In analogy to the conventional statistical goodness-of
x2 test, the adoption of very small circles should be avoid
For this reason, only subregions whereNpi>5 will be con-
sidered.

In order to verify the behavior of the test described abo
1000 samples have been simulated in the regionR with the
same parameters as defined by our problem and the s
number of particles, 10 000, using a uniform distribution
R. The square distanced has been computed for each sim
lation and it has been verified that the values ofd do fit ax2

distribution withm21 degrees of freedom. The type-I erro
of the test, i.e., the probability of making the wrong decisi
in rejecting the uniformity hypothesis when the uniformity
a fact, is controlled and the 5% significance level is attain
Investigation of the type-II error, i.e., the probability of ma
ing the wrong decision in accepting uniformity when it do
not correspond to reality, was conducted, letting us beli
that this error behaves well enough. Due to the complexity
the regionR, we did not go further in this line of study.
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